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Abstract
Frames normal for linear connections in vector bundles are defined and
studied. In particular, such frames exist at every fixed point and/or along
injective path. Inertial frames for gauge fields are introduced and on this
ground the principle of equivalence for (system of) gauge fields is formulated.
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1. Introduction
Until 1992 the existence of normal frames and coordinates was known at
a single point and along injective paths only for symmetric linear connec-
tions on a manifold. The papers [1–3] (see also their early versions [4–6])
completely solved the problems of existence, uniqueness and holonomicity
of frames normal on submanifolds for derivations of the tensor algebra over
a manifold, in particular for arbitrary, with or without torsion, linear con-
nections on a manifold. At last, these results were generalized in [7] for
linear transports along paths in vector bundles. The present work can be
considered as a continuation as well as an application of the cited references.
Here we investigate problems concerning frames normal for arbitrary linear
connections in vector bundles and show that the already existing results can
mutatis mutandis be applied in this situation.
Sect. 2 recalls the most suitable for us definition of a linear connection
in a vector bundle and some consequences of it. Sect. 3 summarizes basic
concepts of the theory of linear transports along paths in vector bundles.
In Sect. 4 are proved necessary and sufficient conditions for a derivation or
a linear transport along paths in vector bundles to defined a linear connec-
tion. An explicit bijective correspondence between a particular class of such
objects and the set of linear connections is derived. The parallel transports
generated by linear connections are described in terms of linear transports
along paths.
In Sect 5 the frames normal for linear connections in vector bundles are
defined and the basic equation responsible for their existence and properties
is derived. Since this equation coincides with similar equations investigated
in [1–3], the conclusion is made that the results of these papers can mutatis
mutandis be applied to solved similar problems concerning frames normal
for linear connections in vector bundles. Some particular results are written
explicitly.
In Sect 6 is shown how inertial frames in gauge field theories should
be introduced. The principle of equivalence, which in fact is a theorem,
for a particular gauge field is formulated. An example is presented for the
introduction of inertial frames and formulation of the equivalence principle
for a system of gauge fields (and, possibly, gravitational one).
Sect 7 ends the work.
2. Linear connections in vector bundles
Different equivalent definitions of a (linear) connection in vector bundles are
known and in current usage [8–11]. The most suitable one for our purposes
is given in [12, p. 223] (see also [9, theorem 2.52]).
Suppose (E, pi,M), E and M being finite-dimensional C∞ manifolds,
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be C∞ K-vector bundle [9] with bundle space E, base M , and projection
pi : E → M . Here K stands for the field R of real numbers or C of complex
ones. Let Seck(E, pi,M), k = 0, 1, 2, . . . be the set (in fact the module) of
Ck sections of (E, pi,M) and X(M) the one of vector fields on M .
Definition 2.1. Let V,W ∈ X(M), σ, τ ∈ Sec1(E, pi,M), and f : M → K
be a C∞ function. A mapping ∇ : X(M)× Sec1(E, pi,M)→ Sec0(E, pi,M),
∇ : (V, σ) 7→ ∇V σ, is called a (linear) connection in (E, pi,M) if:
∇V+Wσ = ∇V σ +∇Wσ, (2.1a)
∇fV σ = f∇V σ, (2.1b)
∇V (σ + τ) = ∇V (σ) +∇V (τ), (2.1c)
∇V (fσ) = V (f) · σ + f · ∇V (σ). (2.1d)
Remark 2.1. Rigorously speaking, ∇, as defined by definition 2.1, is a co-
variant derivative operator in (E, pi,M) — see [9, definition 2.51] — but, as
a consequence of [9, theorem 2.52], this cannot lead to some ambiguities.
Remark 2.2. Since V (a) = 0 for every a ∈ K (considered as a constant
function M → {a}), the mapping ∇ : (V, σ) 7→ ∇V σ is K-linear with respect
to both its arguments.
Let {ei : i = 1, . . . ,dimpi
−1(x)}, x ∈M and {Eµ : µ = 1, . . . ,dimM} be
frames over an open set U ⊆M in, respectively, (E, pi,M) and the tangent
bundle (T (M), piT ,M) over M , i.e. for every x ∈ U , the set {ei|x} forms a
basis of the fibre pi−1(x) and {Eµ|x} is a basis of the space Tx(M) = pi
−1
T (x)
tangent to M at x. Let us write σ = σiei and V = V
µEµ, where here and
henceforth the Latin (resp. Greek) indices run from 1 to the dimension of
(E, pi,M) (resp. M), the Einstein summation convention is assumed, and
σi, V µ : U → K are some C1 functions. Then, from definition 2.1, one gets
∇V σ = V
µ
(
Eµ(σ
i) + Γijµσ
j
)
ei (2.2)
where Γijµ : U → K, called coefficients of ∇, are given by
∇Eµej =: Γ
i
jµei. (2.3)
Evidently, due to equation (2.2), the knowledge of {Γijµ} in a pair of
frames ({ei}, {Eµ}) over U is equivalent to the one of ∇ as any transfor-
mation ({ei}, {Eµ}) 7→ ({e
′
i = A
j
i ej}, {E
′
µ = B
ν
µEν}) with non-degenerate
matrix-valued functions A = [Aji ] and B = [B
ν
µ] on U implies Γ
i
jµ 7→ Γ
′i
jµ
with
Γ′ijµ =
dimM∑
ν=1
dim pi−1(x)∑
k,l=1
Bνµ
(
A−1
)i
k
AljΓ
k
lν
+
dimM∑
ν=1
dimpi−1(x)∑
k=1
Bνµ
(
A−1
)i
k
Eν(A
k
j ). (2.4)
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which in a matrix form reads
Γ′µ = B
ν
µA
−1ΓνA+A
−1E′µ(A) = B
ν
µA
−1
(
ΓνA+ Eν(A)
)
(2.5)
where Γµ := [Γ
i
jµ]
dimpi−1(x)
i,j=1 , x ∈M , and Γ
′
µ := [Γ
′ i
jµ]
dimpi−1(x)
i,j=1 .
The interpretation of the coefficients Γijµ as components of a 1-form
(more precisely, of endomorphisms of E -valued 1-form or section of the
endomorphism bundle of (E, pi,M), or of Lie algebra-valued 1-form in a
case of principle bundle) is well known and considered at length in the
literature [9, 11–14] but it will not be needed directly in the present work.
3. Linear transports along paths in vector bundles
To begin with, we recall some definitions and results from [7].1 Below we
denote by PLiftk(E, pi,M) the set of liftings of Ck paths from M to E such
that the lifted paths are of class Ck, k = 0, 1, . . . . Let γ : J → M , J being
real interval, be a path in M.
Definition 3.1. A linear transport along paths in vector bundle (E, pi,B)
is a mapping L assigning to every path γ a mapping Lγ , transport along γ,
such that Lγ : (s, t) 7→ Lγs→t where the mapping
L
γ
s→t : pi
−1(γ(s))→ pi−1(γ(t)) s, t ∈ J, (3.1)
called transport along γ from s to t, has the properties:
L
γ
s→t ◦ L
γ
r→s = L
γ
r→t, r, s, t ∈ J, (3.2)
Lγs→s = idpi−1(γ(s)), s ∈ J, (3.3)
L
γ
s→t(λu+ µv) = λL
γ
s→tu+ µL
γ
s→tv, λ, µ ∈ K, u, v ∈ pi
−1(γ(s)),
(3.4)
where ◦ denotes composition of maps and idX is the identity map of a set
X.
Definition 3.2. A derivation along paths in (E, pi,B) or a derivation of
liftings of paths in (E, pi,B) is a mapping
D : PLift1(E, pi,B)→ PLift0(E, pi,B) (3.5a)
which is K-linear,
D(aλ+ bµ) = aD(λ) + bD(µ) (3.6a)
1In [7] is assumed K = C but this choice is insignificant.
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for a, b ∈ K and λ, µ ∈ PLift1(E, pi,B), and the mapping
Dγs : PLift
1(E, pi,B)→ pi−1(γ(s)), (3.5b)
defined via Dγs (λ) :=
(
(D(λ))(γ)
)
(s) = (Dλ)γ(s) and called derivation along
γ : J → B at s ∈ J , satisfies the ‘Leibnitz rule’:
Dγs (fλ) =
dfγ(s)
ds
λγ(s) + fγ(s)D
γ
s (λ) (3.6b)
for every
f ∈ PF1(B) := {ϕ|ϕ : γ 7→ ϕγ , γ : J → B, ϕγ : J → K being of class C
1}.
The mapping
Dγ : PLift1(E, pi,B)→ P
(
pi−1(γ(J))
)
:= {paths in pi−1(γ(J))}, (3.5c)
defined by Dγ(λ) := (D(λ))|γ = (Dλ)γ , is called derivation along γ.
If γ : J → M is a path in M and {ei(s; γ)} is a basis in pi
−1(γ(s)),2 in
the frame {ei} over γ(J) the components (matrix elements) L
i
j : U → K of
a linear transport L along paths and the ones of a derivation D along paths
in vector bundle (E, pi,M) are defined through, respectively,
L
γ
s→t
(
ei(s; γ)
)
=: Lji(t, s; γ)ej(t; γ) s, t ∈ J, (3.7)
Dγs eˆj =: Γ
i
j(s; γ)ei(s; γ), (3.8)
where s, t ∈ J and eˆi : γ 7→ ei(·; γ) is a lifting of γ generated by ei.
It is a simple exercise to verify that the components of L and D uniquely
define (locally) their action on u = uiei(s; γ) and λ ∈ PLift
1(E, pi,M),
λ : γ 7→ λγ = λ
i
γ eˆi, according to
L
γ
s→tu =: L
i
j(t, s; γ)u
jei(t; γ) (3.9)
Dγsλ =:
(dλiγ(s)
ds
+ Γij(s; γ)λ
j
γ(s)
)
ei(s; γ) (3.10)
and that a change {ei(s; γ)} 7→ {e
′
i(s; γ) = A
j
i (s; γ)ej(s; γ)} with a non-de-
generate matrix-valued function A(s; γ) := [Aji (s; γ)] implies the transfor-
mation
L(t, s; γ) 7→ L′(t, s; γ) = A−1(t; γ)L(t, s; γ)A(s; γ) (3.11)
2If there are s1, s2 ∈ J such that γ(s1) = γ(s2) := y, the vectors ei(s1; γ) and ei(s2; γ)
need not to coincide. So, if this is the case, the bases {ei(s1; γ)} and {ei(s2; γ)} in pi
−1(y)
may turn to be different.
Bozhidar Z. Iliev: Normal frames, connections, gauge fields 5
Γ′(s; γ) = A−1(s; γ)Γ(s; γ)A(s; γ) +A−1(s; γ)
dA(s; γ)
ds
. (3.12)
A crucial role further will be played by the coefficients Γij(t, s; γ) in a
frame {ei} of linear transport L,
Γij(s; γ) :=
∂Lij(s, t; γ)
∂t
∣∣∣∣
t=s
= −
∂Lij(s, t; γ)
∂s
∣∣∣∣
t=s
. (3.13)
The usage of the same notation for the coefficients of a transport L and
components of derivation D along paths is not accidental and finds its reason
in the next fundamental result [7, sec. 2]. Call a transport L differentiable
of call Ck, k = 0, 1, . . . if its matrix L(t, s; γ) has Ck dependence on t (and
hence on s — see [7, sec. 2]). Every C1 linear transport L along paths
generates a derivation D along paths via
Dγs (λ) := lim
ε→0
{1
ε
[
L
γ
s+ε→sλγ(s + ε)− λγ(s)
]}
(3.14)
for every lifting λ ∈ PLift1(E, pi,B) with λ : γ 7→ λγ and conversely, for
any derivation D along paths there exists a unique linear transport along
paths generating it via (3.14). Besides, if L and D are connected via (3.14),
the coefficients of L coincide with the components of D. In short, there is
a bijective correspondence between linear transports and derivations along
paths given locally through the equality of their coefficients and components
respectively.
More details and results on the above items can be found in [7].
4. Links between linear connections and
linear transports
Suppose γ : J → M is a C1 path and γ˙(s), s ∈ J , is the vector tangent
to γ at γ(s) (more precisely, at s). Let ∇ and D be, respectively, a linear
connection and derivation along paths in vector bundle (E, pi,M) and in a
pair of frames ({ei}, {Eµ}) over some open set in M the coefficients of ∇
and the components of D be Γijµ and Γ
i
j respectively, i.e. ∇Eµ = Γ
j
iµej
and Dγs eˆi = Γ
j
iej(γ(s) with eˆi : γ 7→ eˆi|γ : s 7→ ei(γ(s)) being lifting of paths
generated by ei. If σ = σ
iei ∈ Sec
1(E, pi,M) and σˆ ∈ PLift(E, pi,M) is
given via σˆ : γ 7→ σˆγ := σ ◦ γ, then (3.10) implies
Dγs σˆ =
(dσi(γ(s))
ds
+ Γij(s; γ)σ
j(γ(s))
)
ei(γ(s))
while, if γ(s) is not a self-intersection point for γ, (2.2) leads to
(∇γ˙σ)|γ(s) =
(dσi(γ(s))
ds
+ Γijµ(γ(s))σ
j(γ(s))γµ(s)
)
ei(γ(s)).
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Obviously, we have
Dγs σˆ = (∇γ˙σ)|γ(s) (4.1)
for every σ iff
Γij(s; γ) = Γ
i
jµ(γ(s))γ˙
µ(s) (4.2)
which, in matrix form reads
Γ(s; γ) = Γµ(γ(s))γ˙
µ(s). (4.3)
A simple algebraic calculation shows that this equality is invariant under
changes of the frames {ei} in (E, pi,M) and {Eµ} in (T (M), piT ,M). Be-
sides, if (4.2) holds, then Γ transforms according to (3.12) iff Γµ transforms
according to (2.5).
The above considerations are a hint that the linear connections should,
and in fact can, be described in terms of derivations or, equivalently, linear
transports along paths; the second description being more relevant if one is
interested in the parallel transports generated by connections.
Theorem 4.1. If ∇ is a linear connection, then there exists a derivation
D along paths such that (4.1) holds for every C1 path γ : J →M and every
s ∈ J for which γ(s) is not self-intersection point for γ.3 The matrix of
the components of D is given by (4.3) for every C1 path γ : J → M and
s ∈ J such that γ(s) is not a self-intersection point for γ. Conversely, given
a derivation D along path whose matrix along any C1 path γ : J → M has
the form (4.3) for some matrix-valued functions Γµ, there is a unique linear
connection ∇ whose matrices of coefficients are exactly Γµ and for which,
consequently, (4.1) is valid at the not self-intersection points of γ.
Proof. NECESSITY. If Γµ are the matrices of the coefficients of ∇ in some
pair of frames ({ei}, {Eµ}), define the matrix Γ of the components of D
via (4.3) for any γ : J → M . SUFFICIENCY. Given D for which the de-
composition (4.3) holds in ({ei}, {Eµ}) for any γ. It is trivial to verity that
Γµ transform according to (2.5) and, consequently, they are the matrices of
the coefficients of a linear connection ∇ for which, evidently, (4.1) holds. 
A trivial consequence of the above theorem is the next important result.
Corollary 4.1. There is a bijective correspondence between the set of linear
connections in a vector bundle and the one of derivations along paths in it
3In particular, γ can be injective and s arbitrary. If we restrict the considerations
to injective paths, the derivation D is unique. The essential point here is that at the
self-intersection points of γ, if any, the mapping γ˙ : γ(s) 7→ γ˙(s) is generally multiple-valued
and, consequently, it is not a vector field (along γ); as a result (∇γ˙σ)|γ(s) at them becomes
also multiple-valued.
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whose components’ matrices admit (locally) the decomposition (4.3). Locally,
along a C1 path γ and pair of frames ({ei}, {Eµ}) along it, it is given by (4.3)
in which Γ and Γµ are the matrices of the components of a derivation along
paths and of the coefficients of a linear connection respectively.
Let us now look on the preceding material from the view-point of linear
transports along paths and parallel transports generated by linear connec-
tions.
Recall (see, e.g., [9, chapter 2]), a section σ ∈ Sec1(E, pi,M) is par-
allel along C1 path γ : J → M with respect to a linear connection ∇ if
(∇γ˙σ)|γ(s) = 0, s ∈ J .
4 The parallel transport along a C1 path α : [a, b] →
M , a, b ∈ R, a ≤ b, generated by ∇ is a mapping
Pα : pi−1(α(a))→ pi−1(α(b))
such that Pα(u0) := u(b) for every element u0 ∈ pi
−1(α(a)) where u ∈
Sec1(E, pi,M)|α([a,b]) is the unique solution of the initial-value problem
∇α˙u = 0, u(a) = u0. (4.4)
The parallel transport P generated by (assigned to, corresponding to) a
linear connection ∇ is a mapping assigning to any α : [a, b]→M the parallel
transport Pα along α generated by ∇.
Let D be the derivation along paths corresponding to ∇ according to
corollary (4.1). Then (4.1) holds for γ = α, so (4.4) is tantamount to
Dαs uˆ = 0 u(a) = u0 (4.5)
where uˆ : α 7→ u¯ ◦ α with u¯ ∈ Sec1(E, pi,M) such that u¯|α([a,b]) = u. From
here and the results of [7, sec. 2] immediately follows that the lifting uˆ is
generated by the unique linear transport P along paths corresponding to D,
uˆ : α 7→ uˆα := P¯
α
a,u0
, P¯αa,u0 : s 7→ P¯
α
a,u0
(s) := Pαa→su0, s ∈ [a, b]. (4.6)
Therefore Pα(uo) := u(b) = u¯(α(b)) = uˆα(b) = P
α
a→bu0. Since this is valid
for all u0 ∈ pi
−1(α(a)), we have
Pα = Pαa→b. (4.7)
Theorem 4.2. The parallel transport P generated by a linear connection
∇ in a vector bundle coincides, in a sense of (4.7), with the unique linear
transport P along paths in this bundle corresponding to the derivation D
along paths defined, via corollary 4.1, by the connection. Conversely, if
4If γ is not injective, here and henceforth (∇γ˙σ)|γ(s) should be replaced by D
γ
s σˆ,
σˆ : γ 7→ σ◦γ, where D is the derivation along paths corresponding to ∇ via corollary (4.1).
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P is a linear transport along paths whose coefficients’ matrix admits the
representation (4.1), then for every s.t ∈ [a, b]
P
α
s→t =
{
Pα|[s,t] for s ≤ t(
Pα|[t,s]
)−1
for s ≥ t
, (4.8)
where P is the parallel transport along paths generated by the unique linear
connection ∇ corresponding to the derivation D along paths defined by P.
Proof. The first part of the assertion was proved above while deriving (4.7).
The second part is simply the inversion of all logical links in the first one,
in particular (4.8) is the solution of (4.7) with respect to P. 
Remark 4.1. In all of the above results a crucial role plays the (local) con-
dition (4.3). It has also an invariant version in terms of linear trans-
ports: for a given transport L it is “almost” equivalent to the conditions
L
γ◦ϕ
s→t = L
γ
ϕ(s)→ϕ(t), s, t ∈ J
′′, and L
γ|J ′
s→t = L
γ
s→t, s, t ∈ J
′, where γ : J → M ,
ϕ : J ′′ → J is orientation-preserving diffeomorphism, and J ′ ⊆ J is a subin-
terval. This means that, in some sense, a linear transport L is a parallel
one (generated by a linear connection) iff it satisfies these conditions. For
details, see [15]. A revised and expanded study of the links between linear
and parallel transports will be given elsewhere.
The transport P along paths corresponding according to theorem 4.2 to a
parallel transport P or a linear connection ∇ will be called parallel transport
along paths.
Corollary 4.2. The local coefficients’ matrix Γ of a parallel transport along
paths and the coefficients’ matrices Γµ of the generating it (or generated by
it) linear connection are connected via (4.3) for every C1 path γ : J →M .
Proof. See theorem 4.2. 
5. Frames normal for linear connections
In the series of papers [1–3] the problems of existence, uniqueness, and
holonomicity of frames normal for derivations of the tensor algebra over a
manifold were completely solved on arbitrary submanifolds. In particular,
all of these results apply for linear connections on manifolds, i.e. for linear
connections in the tangent bundle over a manifold. The purpose of this
section is to be obtained similar results for linear connections in arbitrary
finite-dimensional vector bundles whose base and bundle spaces are C∞
manifolds. The method we are going to follow is quite simple: relying
on the conclusions of the previous sections, we shall transfer the general
results of [7] concerning frames normal for linear transports to analogous
Bozhidar Z. Iliev: Normal frames, connections, gauge fields 9
ones regarding linear connections. More precisely, the methods of sections 5–
7 of [7] should be applied as (4.3) holds for parallel transports generated by
linear connections. Equivalently well, as we shall see, the methods and
results of [1–3] can almost directly be used.
Definition 5.1. Given a linear connection ∇ in a vector bundle (E, pi,M)
and a subset U ⊆ M . A frame {ei} in E defined over an open subset V of
M containing U or equal to it, V ⊇ U , is called normal for ∇ over U if in
it and some (and hence any) frame {Eµ} in T (M) over V the coefficients
of ∇ vanish everywhere on U . Respectively, {ei} is normal for ∇ along a
mapping g : Q→M , Q 6= ∅, if {ei} is normal for ∇ over g(Q).
If one wants to attack directly the problems for existence, uniqueness,
etc. of frames normal for a linear connection ∇, the transformation for-
mula (2.5) should be used. Indeed, if ({ei}, {Eµ}) is an arbitrary pair of
frames over V ⊇ U , a frames {e′i = A
j
iej} is normal for ∇ over U if for
some {E′µ = B
ν
µEν} in the pair ({e
′
i}, {E
′
µ}) is fulfilled Γ
′ i
jµ|U = 0, which,
by (2.5), is equivalent to (
ΓνA+ Eν(A)
)∣∣
U
= 0. (5.1)
We call this (matrix) equation the equation of the normal frames for ∇
over U or simply the normal frames equation (for ∇ on U). It contains all
the information for the frames normal for a given linear connection, if any.
Since in (5.1) the matrix B = [Bνµ] does not enter, the trivial but important
corollary of it is that the choice of the frame {Eµ} over V in T (M) is
completely insignificant in a sense that if in ({e′i}, {E
′
µ}) the coefficients of
∇ vanish on U , then they also have this property in ({e′i}, {E
′′
µ}) for any
other frame {E′′µ} over V in T (M).
If one likes, he/she could begin an independent investigation of the nor-
mal frames equation (5.1) with respect to the C1 non-degenerate matrix-val-
ued function A which performs the transition from an arbitrary fixed (cho-
sen) frame {ei} to normal ones, if any. But we are not going to do so since
this equation has been completely studied in the practically most important
(at the moment) cases, the only thing needed is the existing results to be
carried across to linear connections.
Recall [7, definition 7.2], a frame {ei} is called strong normal on U for a
linear transport L along paths, for which (4.3) holds, if in ({ei}, {Eµ}) for
some frame {Eµ} the 3-index coefficients’ matrices Γµ of L vanish on U .
Proposition 5.1. The frames normal for a linear connection in a vector
bundle are strong normal for the corresponding to it parallel transport along
paths and vice versa.
Proof. See corollary 4.2. 
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As we pointed in [7, sec. 7], the most interesting problems concerning
strong normal frames are practically solved in [1–3]. Let us repeat the
arguments for such a conclusion and state, due to proposition 5.1, the main
results in terms of linear connections.
Let (E, pi,M) be finite-dimensional vector bundle with E and M being
C∞ manifolds, U ⊆ M , V ⊆ M be an open subset containing U , V ⊇ U ,
and ∇ be linear connection in (E, pi,M). The problem is to be investigated
the frames normal for ∇ over U or, equivalently, the ones strong normal for
the parallel transport along paths generated by ∇.
Above we proved that a frame {e′i} over V in E is normal for ∇ over
U if and only if for arbitrarily fixed pair of frames ({ei}, {Eµ}), {ei} in
E and {Eµ} in T (M), over V there is a non-degenerate C
1 matrix-valued
function A satisfying (5.1), in which Γµ are the coefficients’ matrices of ∇ in
({ei}, {Eµ}), and such that e
′
i = A
j
iej . In other words, {e
′
i} is normal for ∇
over U if it can be obtained from an arbitrary frame {ei} via transformation
whose matrix is a solution of (5.1).
Comparing equation (5.1) with analogous ones in [1–3], we see that they
are identical with the only difference that the size of the square matrices
Γ1, . . . ,ΓdimM , and A in [1–3] is dimM × dimM while in (5.1) it is v × v,
where v is the dimension of the vector bundle (E, pi,M), i.e. v = dimpi−1(x),
x ∈ M , which is generally not equal to dimM . But this difference is com-
pletely insignificant from the view-point of solving these equations (in a ma-
trix form) or with respect to the integrability conditions for them. Therefore
all of the results of [1–3], concerning the solution of the matrix differential
equation (5.1), are (mutatis mutandis) applicable to the investigation of the
frames strong normal on a set U ⊆M .
The transferring of the results from [1–3] is so trivial that their explicit
reformulations has a sense if one really needs the corresponding rigorous
assertions for some concrete purpose. By this reason, we want to describe
below briefly the general situation and one its corollary.
Theorem 5.1 (see [3, theorem 3.1]). If γn : J
n → M , Jn being neigh-
borhood in Rn, n ∈ N, is a C1 injective mapping, then a necessary and
sufficient condition for the existence of frame(s) normal over γn(J
n) for
some linear connection is, in some neighborhood (in Rn) of every s ∈ Jn,
their (3-index) coefficients to satisfy the equations(
Rµν(−Γ1 ◦ γn, . . . ,−ΓdimM ◦ γn)
)
(s) = 0, µ, ν = 1, . . . , n (5.2)
where Rµν (in a coordinate frame
{
Eµ =
∂
∂xµ
}
in a neighborhood of x ∈M)
are given via
Rµν(−Γ1, . . . ,−ΓdimM ) := −
∂Γµ
∂xν
+
∂Γν
∂xµ
+ ΓµΓν − ΓνΓµ.
for xµ = sµ, µ, ν = 1, . . . , n with {sµ} being Cartesian coordinates in Rn.
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From (5.2) an immediate observation follows [3, sect. 6]: strong normal
frames always exist at every point (n = 0) or/and along every C1 injec-
tive path (n = 1). Besides, these are the only cases when normal frames
always exist because for them (5.2) is identically valid. On submanifolds
with dimension greater than or equal to two normal frames exist only as
an exception if (and only if) (5.2) holds. For n = dimM equations (5.2)
express the flatness of the corresponding linear connection.
If on U exists a frame {ei} normal for ∇, then all frames {e
′
i = A
j
iej}
which are normal over U can easily be described: for the normal frames,
the matrix A = [Aji ] must be such that Eµ(A)|U = 0 for some (every) frame
{Eµ} over U in T (M) (see (5.1) with Γµ|U = 0).
These conclusions completely agree with the ones made in [7, sec. 8]
concerning linear connections on a manifold M , i.e. in the tangent bundle
(T (M), piT ,M).
6. Inertial frames and
equivalence principle in gauge theories
In [16] it was demonstrated that, when gravitational fields are concerned,
the inertial frames for them are the normal ones for the linear connection
describing the field and they coincide with the (inertial) frames in which
special theory of relativity is valid. The last assertion is the contents of the
(strong) equivalence principle. In the present section, relying on the ideas
at the end of [16, sec. 5], we intend to transfer these conclusions to the area
of classical gauge theories.5
Freely speaking, an inertial frame for a physical system is a one in which
the system behaves in some aspects like a free one, i.e. such a frame ‘imitates’
the absence (vanishment) of some forces acting on the system. Generally
inertial frames exist only locally, e.g. along injective paths, and their exis-
tence does not mean the vanishment of the field responsible for a particular
force. The best known example of this kind of frames, as we pointed above,
is the gravitational field. Below we rigorously generalize these ideas to all
gauge fields.
The gauge fields were introduced in connection with the study of fun-
damental interactions between elementary particles.6 Later it was real-
ized [11, 12, 19] that, from mathematical view-point, they are equivalent
to the concept of (linear) connection on (principal) vector bundle which was
5The primary role of the principle of equivalence is to ensure the transition from general
to special relativity. It has quite a number of versions, known as weak and strong equiva-
lence principles [17, pp. 72–75], any one of which has different, sometimes non-equivalent,
formulations. In the present paper only the strong(est) equivalence principle is considered.
Some of its formulations can be found in [16].
6See, e.g., the collection of papers [18].
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clearly formulated a bit earlier. The present day understanding is that7 “a
gauge field is a connection on the principal fibration in which the vector bun-
dle of the particle fields is associated. More precisely, we identify a gauge
field with the connection 1-form or with its coefficients in terms of a local
basis of the cotangent bundle of the base manifold.” Before proceeding on
with our main topic, we briefly comment on this definition of a gauge field.
The definition of a principal bundle (fibre bundle, fibration) and the
associated with it vector bundle can be found in any serious book on differ-
ential geometry or its applications — e.g. in [13, ch. I, § 5], [20, pp. 193–204]
or [11, p.26] — and will not be reproduced here. A main feature of a prin-
cipal bundle (P, pi,M,G), consisting of a bundle (P, pi,M) and a Lie group
G, is that the (typical) fibre of (P, pi,M) is G and G acts freely on P to the
right.
Recall [11, 13], a connection 1-form (of a linear connection) is a 1-form
with values in the Lie algebra of the group G, but, for the particular case
and purposes, it can be considered a matrix-valued 1-form, as it is done
in [14, p. 118] (cf. [13, ch. III, § 7]). Let (E, piE ,M,F ) be the vector bun-
dle with fibre F associated with (P, pi,M,G) and some (left) action L of
G on the manifold F .8 According to known definitions and results, which,
for instance, can be found in [9–11], a connection 1-form on (P, pi,M,G)
induces a linear connection (more precisely, covariant derivative operator)
∇ in the associated vector bundle (E, piE ,M,F ) in which the particle fields
‘live’ as sections.9 The local coefficients Aijµ of ∇ in some pair of frames
({ei}, {Eµ}), {ei} in E and {Eµ} in T (M), represent (locally) the connec-
tion 1-form (gauge field) and are known as vector potentials in the physical
literature.10 Consequently, locally a gauge field can be identified with the
vector potentials which are the coefficients of the linear connection ∇ (in
the associated bundle (E, piE ,M,F )) representing the gauge field.
Relying on the previous experience with gravity [16], we define the physi-
cal concept inertial frame for a gauge field to coincide with the mathematical
one normal frame for the linear connection whose local coefficients (vector
potentials) represent (locally) the gauge field. This completely agrees with
7The next citation is from [14, p. 118].
8See, e.g., [9] or [20] for details. In the physical applications F is a vector space and L
is treated as a representation of G on F , i.e. a homomorphism L : G→ GL(F ) from G in
the group GL(F ) of non-degenerate linear mappings F → F .
9 The explicit construction of ∇ can be found in [21, p.245ff].
10For example, see [11, 12, 19]. Often [14, 22] a particle field ψ is represented as a
vector-colon (in a given frame {ei}) transforming under a representation L(G) of the
structure group G in the group GL(n,K) of non-degenerate n × n, n = dimF , matrices
over K = R,C. In this case the matrices Aµ = [A
i
jµ]
n
i,j=1 are written as Aµ = A
i
µTi where
Ti are the matrices (generators) forming a basis of the Lie algebra in the representation
L(G) and the function Aiµ are known as Yang-Mills fields (if the connection satisfies the
Yang-Mills equation) which are also identified with the initial gauge field. Sometimes
the matrices Aµ are called Yang-Mills fields too and are considered as (components of) a
vector field with values in the Lie algebra of L(G).
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the said at the beginning of the present section: according to the accepted
procedure [11,22], the Lagrangian of a particle field interacting with a gauge
field is obtained from the one of the same field considered as a free one by
replacing the ordinary (partial) derivatives with the covariant ones corre-
sponding to the connection ∇ representing the gauge field. Therefore, in
a frame inertial on a subset U ⊆ M for a gauge field the Lagrangian of a
particle field interacting with the gauge field coincides with the Lagrangian
for the same field considered as a free one.11 So, we can assert that in an
inertial frame the physical effects depending directly on gauge field (but not
on its derivatives!) disappear. From the results obtained in the present
work directly follows the existence of inertial frames for a gauge field at any
fixed spacetime point or/and along injective path. On other subsets of the
spacetime inertial frames may exist only as an exception for some particular
gauge fields.12
The analogy with gravity is quite clear and it is due to the simple fact
that the gravitational as well as gauge fields are locally described via the local
coefficients of linear connections, in the bundle tangent to the spacetime in
the former case and in some other bundle over it in the latter one. This state
of affairs can be pushed further. The above-mentioned procedure for getting
the non-free Lagrangian (or field equations) for a particle field interacting
with a gauge one is nothing else than the minimal coupling (replacement,
interaction) principle applied to the particular situation. As a result the
free Lagrangian (or field equation) plays the role of a Lagrangian (field
equation) in an inertial frame in the sense of special relativity [16]. Call a
frame {ei}, in the bundle space of the bundle associated with the principal
bundle in which particle fields live, inertial (in a sense of special relativity)
if in it the field Lagrangian (equation) is free one. Now we can formulate
the equivalence principle in gauge field theories (cf. [16, p. 216]). It assets
the coincidence of two types of inertial frames: the normal ones in which the
vector potentials of a gauge field (considered as linear connection) vanish and
the inertial frames in which the Lagrangian (field equation) of a particle field
interacting with the gauge one is free.13 According to the above discussion
the equivalence principle is a theorem, not an axiom, in gauge theories as
one can expected from a similar result in gravity.
Consequently, we have a separate equivalence principle for each gauge
field. Can we speak of a single equivalence principle concerning simulta-
neously all gauge fields and gravity? The answer is expected (in a sense)
to be positive. However its argumentation and explanation depends on the
11Generally this does not mean that in an inertial frame disappear (all of) the physical
effects of the gauge field as they, usually, depend on the curvature of describing it linear
connection. Besides, it is implicitly supposed the Lagrangians to depend on the particle
fields via them and their first derivatives.
12On submanifolds these special fields are selected by theorem 5.1.
13Notice, here and above we do not suppose the spacetime to be flat.
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particular theory one investigates since at this point we meet the problem
of unifying the fundamental interactions describe mathematically via linear
connections in vector bundles. Below we outline the most simple situation,
which can be called a ‘direct sum of the interactions’ and does not predict
new physical phenomena but on its base one may do further research on the
subject.
Suppose a particle field ψ interacts with (independent) gauge fields repre-
sented as linear connections ∇(a), a = 1, . . . , n, n ∈ N, acting in vector bun-
dles ξa := (Ea, pia,M, ), a = 1, . . . , n, respectively with M being a manifold
used as spacetime model. To include the gravity in the scheme, we assume
it to be describe by a (possibly (pseudo-)Riemannian) linear connection
∇(0) on M , i.e. in the tangent bundle ξ0 := (T (M), piT ,M) = (E0, pi0,M).
Let ξ := (E, pi,M × · · · ×M), where M is taken n + 1 times, be the direct
sum [9,12] of the bundles ξ0, . . . , ξn.
14 In this case the particle field ψ should
be considered as a section ψ ∈ Sec2(ξ) and the system of gauge fields with
which it interacts is represented by a connection ∇ equal to the direct sum
of ∇(0), . . . ,∇(n), ∇ = ∇(0) × · · · × ∇(n), (see, e.g., [12, p. 254]).
Now the minimal coupling principle says that the non-free Lagrangian of
ψ is obtained from the free one by replacing in it the partial derivatives with
covariant ones with respect to ∇. Since the fields with which ψ interacts are
supposed independent, the frames inertial for them, if any, are completely
independent. Therefore if for some set U ⊆ M and any a = 0, . . . , n there
are frame {e
(a)
ia
: ia = 1, . . . ,dimpi
−1
a (x), x ∈ M} normal over U for ∇
(a),
the direct product of these frames, {ei := 1, . . . dimpi
−1(x), x ∈ M} :=
{e
(0)
i0
× · · · × e
(n)
in
}, is a frame normal over U for ∇. In this sense {ei} is
an inertial frame for the considered system of fields. We can assert the
existence of such frames at any point in M and/or along any injective path
in M . Now the principle of equivalence becomes the trivial assertion that
inertial frames for the system of fields coincide with the normal ones for ∇.
7. Conclusion
The main result of this paper is that a number of important results concern-
ing existence, uniqueness, holonomicity, construction, etc. of frames normal
for linear transports (or derivations) along paths or derivations of the tensor
algebra over a manifold remain (mutatis mutandis) valid for linear connec-
tions in vector bundles. A particular example for that being theorem 5.1
from which follows that any linear connection in a vector bundle admits
frames normal at a single point or/and along an injective path. As a con-
14For purposes which will be explained elsewhere the direct sum of the mentioned bun-
dles should be replace with the bundle (E,pi,M) where E := {(u0, . . . , un) ∈ E0×· · ·×En :
pi0(u0) = · · · = pi(un)} and pi(u0, . . . , un) := pi0(u0) for (u0, . . . , un) ∈ E. So that
pi−1(x) = pi−10 (x)× · · · × pi
−1
n (x) for x ∈M
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sequence, as we saw, the concept of an inertial frame (of reference), usually
associated to systems in gravitational field, can be transferred to the area of
gauge theories which, in turn, allows the extension of the range of validity of
the principle of equivalence for gravitational physics to systems interacting
via gauge fields (and, of course, gravitationally).
We would like to say that the physical importance of the normal frames,
more precisely of normal coordinates, was notice in different directions al-
ready in the early works on normal coordinates, like [23,24].
At the end, we shall mention the geometric equivalence principle (see: [17,
p. 76], [25, p. 19], [26, p. 3]): there are reference frames with respect to which
Lorentz invariants can be defined everywhere on the spacetime and that are
constant under parallel transport. A possible item for further research is
to replace here the Lorentz invariants with the ones (of a representation) of
the structure group of a gauge theory which will lead to the transferring of
the (geometric) equivalence principle to the gauge theory whose structure
group is involved.
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